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Abstract 

We study 3-dimensional Ricci solitons which project via a semi-conformal map- 
ping to a surface. We reformulate the equations in terms of parameters of the map; 
this enables us to give an ansatz for constructing solitons in terms of data on the 
surface. A complete description of the soliton structures on all the 3-dimensional 
geometries is given, in particular, non-gradient solitons are found on Nil and Sol. 

1 Introduction 

Fixed points of the Ricci flow: 

— ^ = — 2Ricci (g) 
dt 

on a manifold (M, g) are called Ricci solitons. It is usual to look for fixed points up to 
diffeomorphism of M and scaling of g, whence the equations for a Ricci soliton become: 

-2Ricci {g)=£Eg + 2Ag (1) 

where E is a vector field on M, Csg denotes Lie derivation of g with respect to E and 
^4 is a constant. The soliton is called shrinking, stationary or expanding according as 
^ < 0, = 0, > 0, respectively. It is of gradient type if E = gradF for some function F, 
in which case Csg = 2VdF. 

Apart from their interest as fixed points of the Ricci flow, see [13], and [16] for an 
overview, they are interesting geometric objects in their own right. Warped product 
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solutions have been constructed by Bryant and Ivey [15]. Kahler solitons in even 
dimension are studied by Koiso [17], Cao [6, 7], Feldman, Ilmanen and Knopf [9] and 
Bryant [5] . A construction using a doubly warped product metric in higher dimensions 
is given by Gastel and Krong [11]. We note that all of the above constructions are of 
gradient type. By a result of Ivey [14], in dimension 3 the only compact examples are 
of constant curvature. Our aim in this article is to construct 3-dimensional solitons 
which admit a semi-conformal projection onto a surface. Some of our examples are 
not of gradient type. The existence of such solitons has important consequences for the 
stability of the Ricci flow about non-Ricci fiat metrics, which is studied in the Ricci-flat 
case in [12, 22]. 

A Lipschitz map : (M™, g) {N"-, h) between Riemannian manifolds is said to be 
semi-conformal if, at each point x € M where 99 is differentiable (dense by Radmacher's 
Theorem), the derivative dipx '■ T^M T^(x)^ is either the zero map or is conformal 
and surjective on the compliment of keidipx (called the horizontal distribution). Thus, 
there exists a number A(a;) (defined almost everywhere), called the dilation, such that 
X{x)^g{X, Y) = (p*h{X, Y), for all X,Y e (ker d(px)-^. If (p is of class C^, then we have 
a useful characterisation in local coordinates, given by 

where (x*), (y") are coordinates on M,N, respectively and (pf = d{y°' o ip)/dx^ (here 
and throughout we sum over repeated indices). The fibres of a smooth submersive semi- 
conformal map determine a conformal foliation, see [23] and conversely, with respect to 
a local foliated chart, we may put a conformal structure on the leaf space with respect 
to which the projection is a semi-conformal map. We then have the identity: 

{Cug) {X,Y) = -2U{\uX)g{X,Y), 

for U tangent and X, Y orthogonal to the foliation. 

The question of which 3-manifolds admit a conformal foliation (equivalently, local 
semi-conformal maps to surfaces) remains a delicate one. It is equivalent, locally, to 
finding a function which admits a 'conjugate'; in [2] it is shown that such functions are 
characterized as satisfying a 2nd order differential inequality and a 3rd order differential 
equation. We shall see that we can calculate the Ricci curvature in terms of geometric 
quantities associated to the projection, for example the mean curvature of the fibres, 
the integrability tensor of the orthogonal distribution and the dilation. 
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In general, the equations are still difficult to study and in this article we concentrate 
on the case when objects are basic, that is they are defined in terms of data on the 
surface. This leads to the following ansatz for the construction of solitons. 

Theorem 1.1 Let {N, h) be a Riemannian surface. Let ip, X,p,V : N ^ be functions 
with ip >0, satisfying the system of equations 

(i) + 1 (a^ ln(fv) - Igrad lnp\'^)+^ = 

(ii)(a) ln(p2pV'~^^^) + Igrad In^p - ^ |grad In^p 

+5^(grad In^, grad In 17) + = 

(ii)(b) I A-^ In p - /i(grad Inp, grad InF) + ^| = const. 

(u) VdlnF+2dlnA0dlnF- (dlnp)2 = a/i (some a : AT ^ R) , 

(2) 

where we take (ii)(a) to be vacuous whenever ^ = and where is the Gaussian 
curvature of N . Now set M = N x (—5,6) for some 6 > and let (p : M ^ N be the 
canonical projection. Let a = \j2%i)/)^ and set Q. = 'op^ , where p^ denotes the volume 
form on N. Write 17 = (p*i^, p = po ip and X = Xo (p. Let the 1-form 6 be a solution 
to the exterior differential equation 

d^ + dlnpAe = r2 (3) 

which is everywhere non-vanishing on kevdip. Write g = + 9^. Then {M^,g) is a 
Ricci soliton. 

The function if) measures the non-integrablility of the orthogonal compliment of 
kerdi^, in particular if = 0, then this distribution is integrable. The function Inp 
is the potential for the mean curvature p of the fibres of ip; that is, p = grad Inp. A 
special case of the theorem is when p is constant, so the fibres are minimal. In this 

case wc can give a complete description of the solutions of (2) in terms of holomorphic 
data on the surface N , which leads to the following conclusion. 

Corollary 1.2 Let {M'^ ,g) be a soliton derived from the ansatz given by Theorem 1.1 

with p constant, then tp = C is constant and either 

(i) C = 0, in which case M is locally isom,etric to a Riemannian product N"^ x R, 
where N'^ is 2- dimensional gradient Ricci soliton, or 

(ii) C ^ 0, in which case M either has constant curvature or is locally isometric to 
the geometry Nil. 
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We will give an explicit description of the soliton structure on Nil, which exists 
and is unique by [18]. On the other hand, to identify the geometry Sol as a soliton 
(Example 4.11) we will require the more general set-up of Theorem 1.1. This is because 
Sol, even locally, does not admit a semi-conformal map to a surface with geodesic fibres 
[3]. For both of these geometries the soliton structure is not of gradient type. Finally, 
we show that SL2(R) does not admit any soliton structure whatsoever. To complete 
the picture, we show uniqueness of the soliton structures on the other 3-dimensional 
geometries, except for where the Gaussian soliton appears. 

Remarks: 1. The constant A is the same constant that occurs in (1) and so its sign 
determines whether the soliton is shrinking, stationary or expanding. To be consistent 
with notation, functions, forms and vector fields on the codomain N will have a 'bar' 
over them. 

2. The system (2) depends only on grad In 17 and grad In p. In its most general form 
we may replace grad InF by Y, where y is a vector field on N. For example, InF 
would then become divy'', where = h(Y, ■ ) is the dual of Y. Our hypothesis is 
not the same as supposing the soliton is of gradient type (see also Section 4). 

3. We will refer to the condition (u) in the above theorem and corollary as the 
'umbilicity condition'; the reason for this will become apparent in Section 4. 

4. The system (2) is invariant under conformal changes in the metric h. This is 
a natural consequence of our construction. Indeed, if we replace h by e^"/i, then A is 
replaced by e"A, by e-2«(-A^« + K^) and the Laplacian by e-^^A^. 

5. Locally, on a topologically trivial domain, it is always possible to solve (3). In 
fact we can write it in the equivalent form: d{p9) = In order to solve this for 9 we 
require that d{pVL) = 0. But pVl = ip*{'pQ), which is clearly closed. 

6. The condition that a soliton given by Theorem 1.1 has constant curvature is 
given in Proposition 4.9. 

7. A semi-conformal map which is harmonic is called a harmonic morphism (see 
[10, 3]). If the mapping takes values in a surface then this is equivalent to the fibres being 
minimal. The second named author has constructed Einstein metrics in dimension 
4 from harmonic morphisms with 1-dimensional fibres [8]. On the other hand, any 
harmonic morphism with 1-dimensional fibres from an Einstein manifold of dimension 
> 5 is of warped product type or of Killing type (the fibres are the integral curves of 
a Killing vector field). This was shown for manifolds of constant curvature by Bryant 
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[4] and for more general Einstein manifolds by Pantilie and Wood [21]. In dimension 4 
one other type can occur [20]. 

The first named author thanks the Australian Research Council for funding a visit 
to the School of Pure Mathematics at the University of Adelaide in 2003, during which 
time much of this work was done; he is also grateful to the school for their hospitality. 
We also thank Dan Knopf for many helpful comments. 

2 The fundamental equations 

Let : {M^,g) — {N^,h) be a (C°°) semi-conformal submersion with dilation A. We 
will use the following notation: Let V and H denote the vertical and horizontal distri- 
butions, respectively. We will use the same letters to denote orthogonal projection onto 
the respective distributions. Let U denote the unit vertical vector field, i.e. dLp{U) = 
and g{U, U) = 1. If M is oriented, there arc two choices for U ; we will select one of these 
- the equations are invariant of this choice. If M is not oriented, then we work locally 
with a choice of U. Let 6 = = g{U, ■ ) = g\U denote its dual and write Q = dO; 
then the integrability tensor I{X,Y) = V[X,Y], X,Y e H is related by the formula 
n{X,Y) = -g{I{X,Y),U). We will use the norm: = J2a,bM(^a,eb)\'^ , where 

{ca} is an orthonormal frame, similarly for Write d^f for the vertical component 

of the exterior differential of a function /, i.e. d^/ = U{f )9. Set ujQrj = i(a;(g)?7 + 77(g)a;) 
for the symmetric product of two 1-forms. Finally, our sign convention for the Laplacian 
is such that A/ = /" for a function of a single variable. 

Proposition 2.1 Let : [M^,g) {N'^,h) be a (C°^) semi-conformal submersion 
with dilation A. Then, in the notations defined above, the Ricci tensor of {M,g) is 
given by the formula: 

Ricci (5) = {X'K'' + AlnX + fiiln\)}ig-e^)-^\\I\\''g + ^C^g 

-{H^ + d^ In A)2 - (d^ In A)^ + 2d(C/(ln \))Qe + d*nQ9, (4) 

where ji denotes the mean- curvature vector field of the fibres of and is the Gauss 
curvature of N. 

The above formula will be deduced by evaluating the Ricci tensor on different 
combinations of horizontal and vertical vectors. In what follows, we let {ej} = {ea, U} 
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denote a local orthonormal frame field, where the index i ranges over 1,2,3 and the 
index a over 1,2. The following lemma is a straightforward calculation. 

Lemma 2.2 Let n be the 2-form defined by h{E,F) = -g{U, [HE,HF]), for all vec- 
tors E, F. Then 

n = n-fJ' A9. 

We will call $7 the integrablility 2-form associated to (p. The following lemma is 
useful and is to be found in [1]. 

Lemma 2.3 The mean curvature ^di^^ Ve^ea) of the horizontal distribution Ti is given 
by U{lnX). 

Proof: We note that the quantity g{U,Vea^a) is independent of the horizontal frame 
{ca}- Suppose that, for each a = 1, 2, the vector field is the normalised lift of a unit 
vector field Xa on a domain of N: d(p{ea) = XX a o ip. By the symmetry of the second 
fundamental form Vdip, we have 

-dcpiVe^U) = -difiVuea) + V^"'™d^(ea) , 

so that n[U,ea] = U{lnX)ea. Thus 

giU,Ve,ea) = g{[U,ea],ea) = giU{lnX)ea,ea) = 2U{lnX) . 

q.e.d. 

For horizontal vectors X, Y, let AxY = WxY = ^V[X, Y] + g{X, y)Vgrad In A be 
one of the fundamental tensors associated to a submersion. The second fundamental 
tensor B is defined by BuV = HVuV for vertical vectors U, V [3, 19]. We write A*,B* 
for their respective adjoints. 

The formula for the Ricci tensor evaluated on vertical vectors is as follows. 

Lemma 2.4 Ricci{U,U) = 2C/(J7(ln A)) -2J7(ln A)^- i||/||2 + i(/:^y)(;7, [/) + d*J^(J7). 
Proof: First note that 

Ricci {U, U)=Y, 9{R{U, CaYa. t^)) = E ^) ' 

a a 

where K{ea A U) is the sectional curvature of the plane spanned by Sa and U. By 
Proposition 11.2.2 of [3], this latter term equals: 

E{VdlnA(C/,[/) + din X{BuU) ~2UlnX'^ 

a 

+ \AlUf + gi{Ve^B*)uea, U) - |S^e„p} . 
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Then we have 

Y,\KU\' = \\\I\\' + 2U{lnX)\ 

a 

g{{Ve^B*)uea,U) = 5(e„,Ve„/x), 

J2\Bhea\' = J29iea,^uUf = \f^f. 

a a 

On noting that = -g{ea,VeafJ') + I^P, d*^{U) = -d>^ + + and 

{C^g)(U, U) = 2g{'VulJ', U) = — 2|//p, the formula follows. q.e.d. 

The Ricci tensor evaluated on a horizontal and vertical vector is given by the fol- 
lowing expression. 

Lemma 2.5 

Ricci {X, U) = X{U{\nX)) + ^d*n{X) - U{lnX)g{X, fi) + ^ {C^g) {X, U) . 

Proof: By Theorem 11.2.1 of [3], 

Ricci = g{R{X,e,)e,,U)=g{R{X,ea)ea,U) 

= g{{VxA)e,ea - (Ve„^)xe„, U) + g{B*uea, I{X, e„)) . 

On calculating, we obtain 

gi{VxA)e^ea, U) - g{{VeA)xea, U) = X(C/(ln A)) + ^d*n{X) - U{ln X)g{X, /x) 

~g{X,C^U) + ^g{U,C^X). 

Also g{B^ea, I{X, ea)) = g{U, [X, ji]) and the formula follows. q.e.d. 

In order to calculate the Ricci tensor on horizontal vectors, we first establish a useful 
lemma which we will need later on. 

Lemma 2.6 Suppose that, for each a = 1, 2, the vector field Xa is the horizontal lift 
of a unit vector field Xa on a domain of N: d(p{Xa) = Xa o cp. Then 

(i) n[U,Xa]=0; 

(ii) U{g{U, [XuX2])} = -dfj,\Xi,X2). 

Proof: On the one hand Vdip{Xa, U) = —dip{VxaU)- Whereas 

Vdip{U,Xa) = -difiVuXa) + Vu(Xa O if) = -d(^(V[/X„) . 
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But by the symmetry of the second fundamental form, Vd(^(Xa, U) = Vdip{U, Xa) and 
(i) follows. 

mw g{Vu[Xi,X2],U) = gi[U,[Xi,X2]] + V^XuX,]U,U) = g{[U,[XuX2]],U). Fur- 
thermore, from the Jacobi identity: [U, [Xi,X2]] = [[U,Xi],X2] + [[X2,U],Xi]. Prom 
(i), n[U,Xa] = 0; also V[U,Xa] = -g{Xa,fi)U. Therefore 

[U,[Xi,X2]] = [-giXi,fi)U,X2]-[-g{X2,fi)U,X^] 

= -g{Xi , fi) [U, X2] + g{X2 , ^i) [U, X^] + X2{g{Xi ,fi)}U- X,{g{X2 , fi)}U 
= X2{g{X,,ti)}U - Xi{g{X2,fi)}U . 

But dn\Xi,X2) = Xig{X2,n) - X2g{Xi,n) - ^([Xi, X2], The formula follows. 

q.e.d. 

Lemma 2.7 For horizontal vectors X, Y, 

Ricci (X,y) = {a^K^ + AlnA + Ai(lnA) - ^|/|2}5(X,y) 
+^jC^g{X,Y)-g{X,,,)g{Y,fi). 

Proof: Since both sides are tensorial in X and Y, it suffices to verify the for- 
mula on a basis. Let Ca = XXa, where Xa is the basis taken in Lemma 2.6; thus 
{61,62} is an orthonormal frame for the horizontal space. We first of all compute 
Ricci (ei, 62) = g{R{U, 61)62, U). By Theorem 11.2.1 of [3], we have 

g{R{U,ei)e2,U) = g{{VuA)e,e2,U) + g{Al^U, A^^U) 

+5((VeiS*){762, U) - g{Btje2,B*uei) - 2U{\nX)g{Ae,e2, U) . 

We compute the individual terms in this expression: 

5((V[/A)ei62,C/) = ^C/{5([6i,e2],C/)}. 

It is easily checked that g{A%^U , A*^^U) vanishes, whereas 

5((Vei5*)c/e2,[/) =5(e2,Vei/x). 

We also have 5(^^62,-8^61) = g{e2,n)g{ei,ij) and g{Ae^e2,U) = ^^([61, 62], i7). Com- 
bining and applying Lemma 2.6, gives the required formula with X = 61 and Y = 62. 
On the other hand 

Ricci (61, 61) = 5(ii:(?7, 61)61, f/) -I- (E(62, 61)61, 62) 
= K{eiAU) + K{e2Aei), 
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We now apply Proposition 11.2.2 of [3], which expresses the sectional curvatures of a 
semi-conformal submersion, to give the required formula with X = Y = ei. We omit 
the details. q.e.d. 



Proof of Proposition 2.1: The formula of the proposition follows on combining Lemmata 
2.4, 2.5 and 2.7. q.e.d. 

We will now equate the expression for the Ricci curvature with the right hand side of 
(1). However, it is useful to decompose the vector field E into its different components. 
It is no loss of generality to set E = —jj, + X + fU for some function / and horizontal 
vector field X, in order to cancel the term in (4). 

Lemma 2.8 

C^fU)9 = -2fU{ln\){g - e^) + 2df QO + 2f QO . (5) 

Proof: It suffices to evaluate l^{fu)9 different combinations of vectors, using 
the fact that fU is tangent to a conformal foliation, so that {C(^fu^g){X,Y) = 
-2/[/(ln \)g{X, Y) for all X,Y eU. q.e.d. 

We can now write out the fundamental equations for a soliton derived from a semi- 
conformal map. 

Proposition 2.9 Let if : {M'^,g) {N'^,h) be a (C°° ) submersive semi-conformal 
map. Then {M^,g) is a Ricci soliton if and only if there is a function f : — > R, a 
horizontal vector field X and a constant A, such that, in the notations defined above, 

= {X^K"" + AlnX + ^l{ln\)- fUiln\)}{g-e^)-^\I\^g + ^jCxg + Ag 
- (/x^ + d^lnA)2-(d^lnA)2 + {d/ + /M^ + 2d(C/(lnA)) + d*o}0 0. (6) 

Example 2.10 (Warped product sohitions) Locally, a warped product is of the form 
= X J with metric g = {h/X"^) + dt"^, where J is an open interval in R with its 
coordinate t and where A = X{t). We take tp to be the canonical projection (p : M ^ N. 
Then the fibres are geodesic, so that, in addition to being semi-conformal, tp now has 
the further property of being a harmonic morphism and our expression (4) for the 
Ricci curvature reduces to a well-known, much simpler case of our formula, see [3]. 
Note also that the horizontal distribution is integrable so that I and fl vanish. We will 
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suppose that the horizontal component X of the vector field E vanishes and that K'^ 
is constant. Then the system of equations (6) is equivalent to the pair of equations 

= X'^K^ + Aln\- fU(ln\) + A 
= U{f) + 2U{U{hiX))-2U{\n\f + A 

Let t denote a unit speed parameter along the fibres, so that t = const, gives the 
(integrablc) horizontal spaces, U = d/dt and 9 = dt. As a consequence of the equations, 
we also have / = f{t). Wc note the special solutions given by A = const.. Without loss 
of generality, wc may suppose that A = 1. If now = 1, then A = —1 and /' = 1. 
This gives the soliton x R with E = t{d/dt). Similarly, if = -1, then A = l 
and /' = -1 leading to the soliton ii"^ x R with E = -t{d/dt). 

We will now suppose that A is non-constant and work on a neighbourhood where 
A' 7^ 0. Then, letting {ca} denote a local orthonormal frame, by Lemma 2.3, 
AlnA = TrVdlnA = dlnA(Ve„ea) + U{U{lnX)) = -2{(ln A)'}^ + (In A)". 

The system (7) now becomes the pair of ordinary differential equations: 



= A2K^ + (lnA)"-2{(lnA)'}2-/(lnAy + A 
= /' + 2(lnA)"-2{(lnA)'}2 + A 

We can solve these to express / in terms of A: 



(8) 



_ X" + AX + K^X^ _ 
^~ X' A ■ ^ ' 

Substituting back, we obtain the following 3rd order ordinary differential equation: 

A'"A'A2 - AA"(A'2 + AA") + AX'{2X''' - XX") + K^'X^SX'^ - AA") - A'^ = 0. (10) 

Thus (9) and (10) are equivalent to (8). It is easily checked that the solution has 
constant curvature if and only if (In A)" — X'^K^ = 0. 
If we look for solutions of the form 

(A')^ = 2F(A) (11) 

for some function F, then (10) becomes 

2X^FF" - XF'{2F + XF') + AX^{4F - AF') + K^X'^{6F - XF') -4F^ = 0. 

It is easy to see that the only polynomial solutions are given by 

^ K^A^ AX^ 

F = 1 . 

2 4 
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Then (11) can be integrated explicitly, however all these solutions have constant cur- 
vature. On the other hand, the exceptional solutions when A = = 0, given by 
F(A) = BA*^ with A; = 2(1 ± ^2) are of non-constant curvature. Choosing B = 2, this 
gives We may express the corresponding (incomplete) metric in the 

form g = t^^{dx^ + dy^) + dt^. 

3 Prescribing the mean-curvature of the fibres 

We wish to characterize those scmi-conformal maps (f : which can be re- 

covered from data on the surface A''^. Consider the 2- form ^ = d6. Then by Lemma 
2.2, 

n = n-n^ A9, 

where n = QoH = -g{U,I), with / the integrability tensor IiX,Y) = V[X,Y]. Say 
that a 1-form to is closed relative to a distribution D if and only if dio{X, y) = for all 
X,Y eD. 

Lemma 3.1 The 2-form Q is basic if and only if fi^ is closed relative to the horizontal 
distribution, i.e. dij}'{X,Y) = for all X,Y G Ti.. In particular, this is the case 
whenever ji is the gradient of a function. 

Proof: If X, Y are basic horizontal vector fields, then, as in Lemma 2.6(i), TiCijX = TiCi/Y = 
and 

{Cu^){x,Y) = u (n{x,Y)^ -n{CuX,Y) -n{x,CuY) 
= u{n{x,Y)) = u{n{x,Y))- 

It follows that Q is basic if and only if U{Q{X,Y)} = for all basic horizontal vector 
fields X,y. But by Lemma 2.6(ii), C/{0(X,y)} = d/x^(X,y). The result follows, q.e.d. 

Corollary 3.2 If fi = Hgrad \np for some function p. Then /x^ is closed relative to 
the horizontal distribution if and only if either Q = ( the horizontal distribution is 
integrable), or U{lnp) = 0, i.e. p is a basic function. 

Proof: Let X,Y be horizontal vector fields. Then 

dp\X,Y) = X {Y {In p))-Y{X {In p))-g{Hgrad In p,[X,Y]) 
= ^(Vgrad Inp, [X,Y]) = -U{\n p)n{X,Y) . 
11 



The result follows. q.e.d. 

Suppose that 99 : {M^,g) {N'^,h) is a semi-conformal map with dilation A and 
with associated integrability 2-form 17 basic. We will suppose further that is a 
domain whose 2-cohomology vanishes and on which (p is submersive with connected 
fibres. This is no loss of generality, since otherwise we work locally on an open set with 
these properties. Then we may write Q = ip*^ for some 2-form J7 on N. Clearly Q 
is closed, since dO = dip*^ = (p*dQ. Since ii"^(M, R) = 0, we have U = dO for some 
1-form (defined up to addition of a derivative). Set 

Proposition 3.3 The map ip : {M^,g) —>■ {N'^,h) is both semi-conformal and har- 
monic, equivalently, ip is a harmonic morphism with respect to the metric g. 

Proof: For a semi-conformal map onto a surface, harmonicity is equivalent to the fibres 
being minimal ([!]). Let U he a unit vertical vector field with respect to g. Then it is 
easily checked that the fibres are geodesic if and only if jC~6 = (see [3]). But 



£-0 = d{e\u) + d0\u = n\u = 0. 

q.e.d. 

We therefore see how, to a semi-conformal map p : {M^,g) —>■ {N'^,h) with fj' 
closed relative to the horizontal distribution, we can associate a harmonic morphism 
p : (M^, g) — ^ (AT^, h). We now consider the converse problem: given a harmonic mor- 
phism (p : {M^,g) — {N^,h), construct a semi-conformal map (p : {M^,g) — {N^,h) 
with fibres having prescribed mean curvature fi. 

Proposition 3.4 Let (p : {M^,g) — ^ {N'^,h) be a submersive harmonic morphism with 
dilation A and integrability 2-form il. Let rj be a given 1-form and let 6 be a 1-form 
satisfying the exterior differential equation 

d9-\-riA9 = n. (12) 

Suppose that 9{U) ^ Q at every point, where U is a unit vertical vector with respect to 
g. Let g = -|- 6^. Then p> : {M^,g) — > {N'^,h) is semi-conformal with fibres having 
mean curvature 'H{r]^). Furthermore, ifrj is the derivative of a basic function, then we 
can always solve (12) on any domain with i7^(M^,R) = 0. 
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Proof: Clearly : [M^,g) — > (iV^, h) is semi-conformal. Set CI = d9. Then by Lemma 
2.2, Q{X,U) = —fJ'{X) = —g{fi,X), where X is horizontal (with respect to g) and /x 
denotes the mean-curvature of the fibres. But since U and U are colinear (both being 
in the kernel of d(p), h\U = and by (12), 0(X, U) = -viX), i.e. r]{X) = g{ii,X) as 
required. 

For the last part of the proposition, write ?7 = dlnp, where p = 'poip. Then equation 
(12) has the form 

d{p9) = pn . 

Then we can solve the equation da; = on a domain with vanishing 2-cohomology if 

and only if d(pO.) = 0. But pQ, = (^*(pO), which is clearly closed. q.e.d. 

In order to construct a semi-conformal map from data on iV^ we proceed as follows. 
Let {N'^,h) be a Riemannian surface with H'^{N'^,'R) = 0. Let A,p : AT^ — R be 
smooth positive functions and let O be a smooth 2-form on N'^ (equivalently, we may 
let a : — R be a smooth function and write $7 = ap^, where p^ is the volume form 
on iV^). Set = N'^ x {-6, 5) for some S > and let (p : N"^ be the projection. 

Define 0, = (p*0,. Then dJl = so that by vanishing 2-cohomology, we have Q = d9 for 
some 1-form 9. On writing t for the coordinate of (—5, d), by replacing 9 with 9 + Rdt 
if necessary {R a sufficiently large constant) we may suppose that 9{d/dt) at every 
point. Set X = Xo ip, p = po (f and let 5 = ^ -I- P. Then (p : {M^,g) (iV^, h) is 
a harmonic morphism. In fact, since the gradient of the dilation is horizontal, it is a 
harmonic morphism of Killing type, that is the fibres are the integral curves of a Killing 
vector field (see [4]). Now let 9 solve the exterior differential equation 

d9 + dlnpA9 = h. 

By Proposition 3.4, if we set g = + 9'^, then provided 9{d/dt) / 0, the metric g is 
positive definite and ip : {M^^^g) —> (N'^, h) is a semi-conformal map with fibres having 
mean curvature grad In p. 

In the next section, we will establish conditions on the functions A, p, a defined 
above, which are equivalent to the property that {M^,g) be a Ricci soliton. 

4 Solitons constructed from data on a surface 

Our aim in this section is to establish Theorem 1.1. The ansatz is derived from the 
construction of a semi-conformal mapping whose dilation and mean curvature of its 
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fibres are both basic. 

Let (p : be a semi-conformal submersion with connected fibres, basic 

dilation X = \ o ip and whose fibres have mean curvature which is the gradient of a 
basic function: n = grad In p (p = p o ip). A special type of horizontal vector field X 
is given by the gradient of a basic function, that is X = grad Ini', where v = V o p 
with z7 : — >• R. We will now make this assumption on X; in particular this implies 
that Cxg = 2Vdlnz/. This need not imply that a corresponding soliton is of gradient 
type-, for this we require that E be the gradient of a function, which depends essentially 
on the function /. Since d(^(grad Inz/) = A grad InFo we have the correspondence 
X = A^grad InF. Thus with reference to Remark 2 of the Introduction, we need to 
make the substitution Y = X/X^. 

Equation (6) for a soliton now has the form: 

{X^K^+A^ In A+M(ln X)}g\HxH-\\ \I\ fg+Ag+Vd In i^-{p,^f+{df+f u^+d*O}00 = . 

(13) 

An immediate necessary condition for this to be satisfied is the requirement that 
Vdlnu — {ij}')'^ be umbilic on H, i.e. Vdlnz^|-^xW ~ (^^)^ = ocgluxH ^oi some func- 
tion a : M — ^ R. We will first of all investigate this condition more fully. For a 
covariant tensor S, we will write S\X for its contraction with a vector X, so that 
iS\X){Yi,...,Yk) = S{X,Y,,...,Yk). 

Lemma 4.1 Let F = Fop: M^Ube any smooth basic function, then 

VdF = p* {vdF + 2dlnA0 dF- /i(grad In A, gradF)/i} + (OJgradF) QO, (14) 
with n\gradF = p*(fn\gr&dF). 

Proof: First let X,Y be horizontal vectors and set X = dp{X) etc.. Let {Xa}a=i,2 
be an orthonormal frame on a domain of N and write Xa for the horizontal lift of Xa- 
Note that {XXa}a=i,2 is an orthonormal frame for H. Then 

VdF{X,Y) = -dF{V^Y) + X{Y{F)) = -dF{dp{V^Y)) + X{Y(F)) o <p . 

But 

d^(Vfy) = dv9(5(Vf y, AAJAA,) 

= y{^5(>^, Xa) + Yg{X, Xa) - Xag{X, Y) 
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-g{X, [Y, Xa]) - g{Y, [X, X^]) + g{Xa, [X, Y])}Xa 

-^h(X, [F,X„]) - ^/i(F, [X,X„]) + j^h(Xa, [X,F])}X„ 
= V§Y -X {In X)h{Y,Xa)X a 

-Y{lnX)h(X,Xa)Xa + XailnX)h(X,Y)Xa. (15) 

The formula evaluated on horizontal vectors follows. 

Note that VdF{U,U) = -dF{VuU) = -dF(/x) = (QJgradF)(;7). On the other 
hand 

VdF{Xa, U) = -dF{d^{\7x. U) = -X^dF (d^(< Vx„ U, X^ > X^)) 
= -X^ <Vx^U,Xb>Xb(F) 
= -^{Xag{U, X,) + Ug{Xa, X,) - X^giXa, U) 

-g{Xa, [U, X^]) - g{U, X,]) + g{X,, U])}Xb(F) . 

Now n[U,Xa] = and g{Xa,Xb) = 5ab/X'^, but since U{X) = 0, then Ug{Xa,Xb) = 0, 
hence the above expression equals 

^giU, [Xa,Xh])Xb(F) = -^n{Xa,Xb)Xb(F) = ^n(Xi>(F)Xb,Xa). 

Finally, it is easily checked that d(/p(grad F) = A^grad F o (p. q.e.d. 

The following corollary in fact holds for any semi-conformal map ip : M"* — > 
without further hypotheses, however, it is an easy consequence of (14). 

Corollary 4.2 Let F = F o ip : ^ K be any smooth basic function, then 

A^F + n{F) = X'^A^Foip. 

Proof: We have F = TrVdF = Tr nVdF + VdF{U,U). But VdF([/, [/) 
= —dF{VirU) = —p,{F). On taking the trace over the horizontal space in (14), the 
formula follows. q.e.d. 

We can now characterize the umbilicity condition discussed above. 
Corollary 4.3 Vdlni^|-^xW ~ (a*'')^ umbilic on H if and only if 

VdlnI7 + 2dlnA0dln77- (dlnp)^ = ah, (16) 
for some function a : iV — ^ R. 
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Proof: For the mean curvature, we have /x — din/? = (^*(dlnp), so that from (14), 

Vdlnu\nxn-{fJ'^ f = ¥'*{VdlnF+2dlnA0dlnF-/i(grad lnA,grad lnV)h-{dlnpf} . 

We require the bracket to be proportional to h, which is the assertion of the corollary. 

q.e.d. 

By taking traces, we have the following consequence. 
Corollary 4.4 // Vdlnz/l-^xW ~ (a*'')^ *^ umbilic onHxH, then 

VdlnHwxW-Uy = ^(A^lnz/ + //(lni/)-H2)5|^x^ 
= ^(p* {(A^lnI7- Igrad lnpp)/i} . 

Lemma 4.5 Let be the integrability 2-/orm associated to ip and let g be the corre- 
sponding metric (cf. Section 3). Then \\^\\~ = \\I\\g- In particular, \\I\\g is a basic 
function. 

Proof: Let Y be horizontal and basic with respect to g: d(p{Y) = Y,g{Y,U) = 0. 
Then, recalling that q = + 0^, it follows that Y = Y — £^[7 is horizontal and basic 
with respect to g. With the same notations, let {Xa} be an orthonormal basis on N, 
so that {\Xa} is an orthonormal basis for H on {M,g) and {XXa} is an orthonormal 
basis for H on (M,^). But = 0, so that 

= 2h{XXi,XX2f = 2X'^h{Xi,X2f = 2X'^h{Xi,X2f 
= 2A^J](Xi,X2)2 = 2f](AXi,AX2)2 = 

For the last part: 

\\n\\i = 2X^n{Xi,X2f = 2AV*n(Xi,X2)2 = 2X^n(Xi,X2?o^ = x''\\n\\l. 

But since X = Xo ip is basic, so is q.e.d. 

It will be convenient in what follows to write = V' = V' ° Let us review 

the soliton equation (13) under the assumption that the umbilicity condition (2)(u) is 
satisfied. By the above calculations it takes the form: 

= |A'K^ + A'A^lnA + y (A^lnF-|gradlnp|2)-V^ + ^|5^x^ 

+ {d/ + //x^ + J^Jgrad Inz/ + d*n - ^6 + Ao} Q 6 , (17) 

16 



with its component parts: 

(i) + In A + i (a^ InF - |grad Inpp) _ = 

(ii) d/ + + J^Jgrad Ini/ + d*J^ - (V' - A)^ = . 

We will now study (18)(ii). Recall that n = n-/x^A6' = ip*Tl-dhlp^e. The following 
lemma is easily established. 

Lemma 4.6 For two l-forms uj,rj, we have 

d*(a; A 77) = d*a; ■ rj - d*ri ■ lo - [lo^, 77"]^ . 

In particular 

d*(//^ Ae) = (dV^ - ImP)^ = -(A^^V - ImP)^ = -a2(a^ inp) o • e . 

Lemma 4.7 

d*0 = AV* {d*0 + njgrad ln(pA"^)} + 2il}0 . 

Proof: Let {-'^a} be an orthonormal frame on a domain of N and let Xa be the 
horizontal lift of Xa {a = 1, 2). Set = XXa and let 63 = U, so that {61,62,63} is an 
orthonormal frame on a domain of M. Then 

d*n{x,) = -{VeM(^i,Xb) = -xH^xMXa,Xi,)-{Vumu,x,) 

= -x'XainiXa, Xb)} + x^n{Vx^Xa, Xb) + x^n{Xa,Vx,Xb) + n{VuU, x^) 

= -X^Xa{n(Xa,Xk) o ^} + A2n(d(^(Vx„^a),^5) 

+A2n(X„,d(/.(Vx„^6)) + n{dip{fi),Xb) ■ 

We now employ the expression (15) for difCVxa^b), to give 

d*n{Xb) = A^ {d*'n(Xb) - 20(grad In A,Xb) + n(grad lnp,Xb)} o ip . (19) 
On the other hand 

d*n{u) = -{VeMei,U) = -X''{VxMXa,U) 

= X^n{Xa,Vx^U) = X^n{Xa,g{Vx^U,eb)eb) 

= -g{U,Veaeb)^{ea,eb) = --^g{U,[ea,eb])il{ea,eb) = ^W^lf ■ 

q.e.d. 
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We can now express equation (18) (ii) in the form: 

d(/p) = -/jAV* {d*n + njgrad ln(pFA"^)} 

-pA^ jA^lnp- /i(grad lnp,grad ln!7) + ^1^^|6'. (20) 

Written in this way, we see that, on a simply connected domain, we can find a function / 
such that (18) (ii) is satisfied if and only if the derivative of the right-hand side vanishes, 
that is, if and only if 

dln(AV) A {d*n + njgrad ln(pI7A~^)} 
+ (A^ln^- /i(grad lnp,grad InF) + ^) o ip • dlnA^ A6' 
+ip*Ml + ip*d {njgrad ln(pFA~^)} 
+d Inp - /i(grad Inp, grad InF) + o^p^e 
+ {A^ln^- /i(grad In ^, grad InP) + ^} o • (^*n = 0. 

Here, AO is the Laplacian on forms: A = dd* + d*d. On simplifying and separating 
into components, we have equivalence with the following pair of equations on N : 

(a) d In(A^p) A {d*n + Hjgrad ln(^A"^)} + d {Hjgrad ln(pI7A"^)} + AH 

A^ hip — /i(grad Inp, grad In 77) -\ ^ — > O = 

(b) |A^lnp— /i(grad In p, grad In 17) + ^ | dlnA^ 

A^ Inp — ^(grad Inp, grad InF) H ^ — J ~ ^ 

In order to simplify these, it is useful to write = a/j.^, where fi^ is the volume 
form on {N, h). Then it is easily checked that the following relation holds: 

2^ = A^CT^ (21) 

The following identities are useful. 

Lemma 4.8 Let a, (3 be arbitrary smooth functions on N, then 

(i) da A {fi^ \ grad /3) = /i(grad a, grad /3)//'^ ; 

(ii) d(;U^Jgrada) = A^a ■ p^ ; 

(iii) d*(ap'^) = — p^Jgrada . 
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On applying these to equation (a) above, we obtain 

{a^ ln(p2FA"V-i) + Igrad Inpp - |grad In(AV) 



— 2_ _ A + t/j^ — 
+/i(grad ln(A a), grad In u) H ^ — ^0 = 0. 

A 

Prom (21) we can eliminate a. Then, either $7 = 0, i.e. tp = and the horizontal 
distribution is integrable, or equation (ii)(a) of Theorem 1.1 holds. Equation (ii)(b) of 
the theorem is immediate from (b) above. This establishes Theorem 1.1. 

We now isolate the condition of constant curvature. 

Proposition 4.9 Let {M'^,g) he a Ricci soliton as in Theorem 1.1. Then {M^,g) has 
constant curvature if and only if both 



1/2 

(i) either ij; = (H integrable) oi p'^/tp = const.; and 



(ii) {k^ + A^ln(Ap-^) + Igrad Inpp - /i(grad In A, grad Inp) - 

A 

+Vdlnp + 2dlnA0dlnp- (dlnp)^ = 0. 

are satisfied. 

Proof: The manifold has constant curvature if and only if, for all unit horizontal 
vectors Y, (i) Ricci (Y, U) = and (ii) Ricci (Y, Y) = Ricci {U, U). We now employ the 
expressions for the Ricci curvature given by Lemmata 2.4, 2.5 and 2.7, as well as the 
formula for the divergence d*U given by Lemmata 4.6 and 4.7. We omit the details, 
q.e.d. 

The following example is instructive, even though the soliton behind it is the trivial 
one iM^,g) = R^. It is based on an example in [2]. 

Example 4.10 (Helix example) Choose cylindrical coordinates for R^: (r, a, z), where 
= xi"^ + X2^, tana = X2/X1 and z = X3. Define (/p : R^ — > R^ by 

(p(r, a, z) = I In | "'"^^ — ^ 1 + VTTcr^, —a + ^z\ , 
\ [ V^r I J 

where c is an arbitrary positive constant. Then (p is semi-conformal with fibres helices 
which wind around the concentric cylinders r = constant. Its gradient is given by 



I r dr^ r"^ da dz / ' 
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and its dilation by A = (1 + cr )/r^. Let {u^v) denote coordinates on the codomain 

, , . . , d-u \/l + cr^ , , , _ , . . , 

R^; then u = ulr) with — = , whereas v = v{a,z). The objects associated 

dr r 

to our construction of solitons are given as follows: 

^ = ^^da-^i==d. 
V 1 + cr^ V 1 + cr^ 

^ -y/cr(2 + cr^) , , , cr , , 



/x^ = din 
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i2 = = -; ^dn A dv . 

(1 + cr^j^ 

Note that the functions A and p arc basic, so wc are in the situation of Theorem 1.1. 
It is routine to check that the equations of the Theorem are satisfied. 

Example 4.11 In this example we generalize a construction of Ivey [15] to in- 
clude examples of non-gradient type. In particular wc will see the geometry Sol 
arising in this way. Ivey considers doubly warped product metrics of the form 
g = dxi^ + a(a;i)^dx2^ + b{xi)'^dx3'^ (but where dx2^ and dxs^ are to be consid- 
ered as metrics on a sphere and an Einstein manifold, respectively). Let = R^ 
with metric h = dxi^ + a(xi)^dx2^ and let (p : (R^,^) — >■ (R^,^) be the projection 
ip{xi,X2,xs) = (xi,X2). Then ip is semi-conformal with dilation A = 1 and with cor- 
responding form dual to its kernel given hj 9 = fe(a:i)da:3. The dual of the mean 
curvature of the fibres is given by the form jj}' = din so that p = b~^. Then 
f2 = d^-|-dlnpA^ = and H is integrable. In fact Ivey takes the vector field E in 
(1) to be the gradient of a function which depends on xi only. This would correspond 
to the vanishing of the function / in the decomposition E = X + fU. Prom (20), we 
see that this corresponds to the vanishing of the constant on the right-hand side of 
equation (ii)(b) of Theorem 1.1. We will suppose that the function V = V{xi), but we 
could conceivably have / non-zero, leading to a more general situation. On noting that 
= —a" /a and writing /3 = lnz7, the equations for a soliton become: 

' (i) -f + h{P" + if^'-{jf)+A =0 
(ii)(b) ©'-^-4^ + ^/5' = const. 

On setting a = 6, we retrieve the solitons of Example 2.10. Another particular 
solution is given by a = with a = e^^, A = 2 and the constant on the right-hand 
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side of (ii)(b) equal to 2. This gives the metric g = dxi^ + e^^idx2^ + C^^^dxa^, which 
corresponds to the 3-dimensional geometry Sol. We can be more explicit in describing 
the vector field E and seeing if the soliton is of gradient type. For this we apply equation 
(18) (ii), which takes the form 

d/ + /da;i + 4e-^Ma;3 = 0. 

This is solved by 

/ = -4x36-^1 . 

Now E = —fi + fU + grad inu, which is (locally) a gradient if and only if dE'^ = 0, 
i.e. if and only if d{f9) = df A 9 + = 0. But it is easily checked that 
df A6 + fQ = 8x3e~^^idxi A dx3, which is clearly non- vanishing, so Sol, viewed as a 
soliton in this way, is not of gradient type. In fact we can exhibit its soliton flow: 

E = -ix3— - 2— . (22) 

5 The case of minimal fibres 

When the potential function p is constant, the fibres of (p are minimal and the equations 
for a soliton become more accessible; in this case, we are able to give a complete 
local description of the solutions as specified by Corollary 1.2. Suppose then that p is 
constant. Prom (2)(ii)(b), we see that is also a constant, C say. The equations (2) 
now become 

(i) A^lnA + i^:^ + iA^ln!7+ = 

(ii) A^lnI7+(^ = (23) 

A 

(u) VdlnF + 2dlnA0dlnI7 = ah, 

for some function a : N ^ R, with (ii) vacuous whenever H is integrable, i.e. C = 0. 

Proposition 5.1 Let X,V satisfy the system (23) with C 7^ 0. Then either C + A = 

and the corresponding soliton has constant curvature, or 3C — A = and, in terms of 
a local isothermal coordinate z = x + iy on a simply connected domain of N"^ , we have 

where v{z) is a non-vanishing holomorphic function and B is a positive constant. 
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Remark: In fact equations (2) and (23) depend only on the gradient of 7 = Inv, so we 
only expect to be able to explicitly express 73; — 17^^ = 2|^, as in the proposition above. 

Proof: First note that, on combining Proposition 4.9 with equation (23) (i), we see that 
a solution has constant curvature if and only 'd C + A = 0. In what follows, write 
P = In A, 7 = InF. Since solutions to the system (23) are invariant under conformal 
changes h ^ h = e^"/i, and since we can always choose a local isothermal coordinate 
z = X + iy with respect to which h = S{z)'^{dx^ + dy^), it is no loss of generality 
to work on a simply connected domain U C 'R? with metric h = dx^ + dy^. Write 
'^^ ~ ^ ~ ^ (ii ~ ^iy)' "^^^ system (23) now takes the form 

' (i) 4/3,, - (^) = 

< (ii) 47,, + (C + ^)e-2/? =0 (25) 

^ (u) Izz + '^lzPz =0. 

On differentiating (u) with respect to z, (ii) with respect to z and combining, we obtain 

IzPzz = . 

Thus either 7, = on some open set, in which case from (ii) we have = 0, so that 

the corresponding soliton has constant curvature, or Pzz = on some open set, which 
from (i) implies that 3C — ^ = 0. Henceforth we will suppose that we are in the latter 
situation, so that /3zz = and A = SC. Note that since C > 0, this implies that ^ > 
and any corresponding soliton is expanding. The system (25) now takes the form 

' (i) 4/3,z =0 

< (ii) jzz =Ce-'^ (26) 

(u) ^zz + '^lzPz =0. 
If 72 = 0, then C = 0, which in turn implies that ^ = and we are in the constant 
curvature case again. So we will work on a domain where 7^ 7^ 0. Then 

^ = -2/3, ln7, = -2/3, ^ = f^iz,z)e-''^ , (27) 

7, dz 

where = 0, i.e. where /x = fi{z) is antiholomorphic in z. Then 

^zz = (m' - 2m/??) e"'^ , 
and from (26) we require that C = jJ — ^jifiz- Thus 

^" 2/i ' 
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with /X = fi{z) antiholomorphic. Since the right-hand side of this expression is anti- 
holomorphic, we can integrate along any path in a simply connected domain. To write 
this integral more conveniently, we let p{z) be an antiholomorphic function which is a 
primitive of 1/fJ,, i.e. p'{z) = l/n{z). Then 

with q{z) holomorphic in z =0). 

Let us change notation once more, by first setting r{'z) = eP^^\ s{z) = e'^^^\ Then 



Finally, write u{z) = and v{z) = s{z)~^, to obtain 

P = ~lniu{z)v{z)) , 

where we take the principal branch of In and require that u{'z)v{z) be real and positive 
for all z. But this is easily seen to be equivalent to the condition 



u{z) = av{z) , 

with a a real positive constant. We now have 

P = -^ln(a\v{z)f) , 

where v(z) is a holomorphic function, which we require to be non- vanishing to avoid 
singular points. In particular, this gives 

B 



A 



Hz)\ ' 

with B a positive constant. 

Returning to 7^; from (27), this is given by 

-f, = = ^a\v{z)\'^ . 

P 

But = 7- = with r'-' = J Cu{z)dz. On noting that a~^/^ = B, we obtain 

= Jv{z)dz, 

as required. q.e.d. 
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Corollary 5.2 Any solution to the equations (24) determines a Riemannian 3-manifold 
which is locally isometric to the geometry Nil. 



Proof : We apply the ansatz of Theorem 1.1. Without loss of generality, we may take 
the constants B = 1 and C = ^. Then 

S7 = ■^v{z)v(z) dz A dz = d ^- v{z) dz^ v{z) dz^ . 

Let u{z) be a primitive for v{z) : u'{z) = v{z). Then J7 = d ^Re |^udu|^, and we 
may set 



ri = d ( Re <! ^udu} +dt] , 



g = dudu+ (Ke i -u du\ + dt 



to give the metric g in the form 

dir. > -\- dt 

.2 

We claim this is the metric for Nil. Indeed, if we take u = yi + iy2 as a local coordinate, 
then 

g = dyi^ + dy2^ + (yidys + dysf (28) 
where we have set = t — q.e.d. 

The geometry Nil as a soliton: On expressing the metric g for Nil as in (28), we can 
solve (18) (ii) for / to obtain the soliton flow E explicitly. Indeed (18) (ii) becomes 

d/ + yidy2 + y2dyi + 2dy3 = , 

which has solution / = —y\y2 — 2^3. Then the soliton is of gradient type if and only if 
dE^ = df ^e + f^l = 0. But 

df ^e + fQ. = -2{yiy2 + y3)dyi A dy2 - y2dyi A dj/3 + j/idj/2 A dys , 

which is non- vanishing and so Nil, viewed as a soliton in this way, is not of gradient 
type. The soliton flow E is given explicitly by 

^ d d d 

E = -yi—-y2^-2ysj^ 29 
dxi dy2 dys 

It remains to consider the case when C = 0, so that the horizontal distribution is 
integrable and equations (23) become the system: 

(i) A^lnA + i^^ + iA^lnF+4 = 

A 

(u) VdlnF + 2dlnA0dlnF = ah, 
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On replacing h by the conformally related metric h/X , we may suppose that A = 1. 
But then the system becomes 



But this is precisely the equation for a 2-dimensional gradient soliton: —K^h = Vd In u+Ah. 
This proves Corollary 1.2. 

The case of SL2 (R) : The geometry SL2 (R) naturally admits a semi-conformal map 
with minimal fibres (p : (R) — H"^ onto the hyperbolic plane. Specifically, if we 
write its metric in the form 



then the projection is given by ip(xi,X2-, x^) = (xi, X2), where we take the metric on the 
codomain to be /i = d^ifi;^^ This fact enables us to establish the following theorem. 

Theorem 5.3 The geometry SL2(R) admits no soliton structure. 

Proof : We apply equation (6) directly. We have 6 = ^ + dx3, so that U = d6 = 
{dxi A dx2)/x2^ and = = iH^lp = i. Prom Lemma 4.7, d*^ = 2-06' = 6, so 

that equation (6) becomes 



Thus SL2(R) admits a soliton structure if and only if this has a solution ioi f, X and 
A. 

Let Yi = X2di — ^3, Y2 = X2d2 be an orthonormal frame for H, and let 
X = aY\ + ^Y2- Then a routine calculation gives 



On substituting into (30) and equating the various coefficients of dxMx-' to zero, we 
are led to the following system of equations: 






(30) 




< 
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m 



2^ - 1 - 2/3 + X2dxOL + X2dxf = 

A ~ I + X2d2p = 
A + ^ + dsf = 



(31) 



IV 



^ + d2a + diP + d2f = o 



v) 2{A + ^)-p + d3a + d3f + X2dif = 

vi) a + dsP + X2d2f = 
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We claim this has no solution in a,/?, /, whatever the value of the constant A. 
It is convenient to write a = A + ^. Then (iii) and (ii) imply 

/ = -ax3+p{xi,X2) 

(3 = —{a — 2)\nx2 + q{xi,X3) 

for functions p = p{xi,X2), q = q{xi,X3). Prom (vi), a = —d^q — X2d2P, and we obtain 
the following system in p and q: 

(vii) 2(a - 1) + 2(a - 2) lna;2 -1q- X2di3q — X2^5i2P + X2dip = 
< (viii) --^dsq - 2d2P - X2d22P + diq = (32) 
(ix) a + (a - 2) In a;2 - g - d^^q + X2dip = 

On differentiating (ix) with respect to X2, substituting into (vii) and using (ix) once 
more, we obtain the equation a — 4 — X2di3q + 2^335 = 0, which, on integrating with 
respect to X3, implies that 

(a - 4)^3 - X2diq + 2d3q = r{xi,X2) , 

for some function r = r{xi,X2). But since q is independent of X2, we must have 
—diq = d2r, which implies that r = —X2diq + r{xi), for a function r = r(xi). Therefore 
(a — 4)0:3 + 2d3q = r{xi), which, on integrating with respect to X3, gives 

if 3:3^1 
1=2) + - (a - 4)— \ , 

for some function s = s{xi). But the fact that r is independent of X3 shows that r' 
vanishes and so r is constant. We can now substitute back into the system (32) to 
obtain: 

(x) 2(a - 1) + 2(a - 2) lnx2 - x^r - s + i(a - 4)x3^ - X2'd\2'P + X2d\p = 
< (xi) -^ir-ia-4)x3)-2d2p-X2d22P+^s' = 

(xii) a + (a - 2) lna;2 - 5 (rx3 + s- ^^3) + ^(a - 4) + X2dip = 

(33) 

Then (xi) implies that a = 4, which, on substituting into (xii) gives r = 0. Prom (xi), 
we have 2d2P + X2d22P = ^s', which implies that X2d2P + p = ^s' + t{xi), for some 
function t = t{xi). But then X2di2P + dip = ^s" + t'. Equations (x) and (xii) now 
quickly lead to a contradiction. q.e.d. 

The other geometries: We can apply the same techniques as above to the other geome- 
tries (and in principle to any 3-manifold admitting a semi-conformal map to a surface) , 
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to obtain a system of equations similar to (31). The calculations are long and tedious 
so we omit the details, but a complete set of solutions can be obtained. We summarize 
the conclusions as follows: up to addition of a Killing vector field, the soliton flows E 
on Nil given by (29) and on Sol given by (22), are unique; the soliton flows on 5^ x R 
and x R given in Example 2.10 are unique; the only soliton flows on S*^ and 
are given by Killing vector fields; the only non-Killing solitons on R^ are the well-know 
Gaussian solitons. 
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